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It remains an open problem if there are universal scaling functions across a topological quantum
phase transition (TPT) without an order parameter, but with extended Fermi surfaces (FS ). Here,
we study a simple system of fermions hopping in a cubic lattice subject to a Weyl type spin-orbit
coupling (SOC). As one tunes the SOC parameter at the half filling, the system displays Weyl
fermions and also various TPT due to the collision of particle-particle or hole-hole Weyl Fermi
Surface (WFS). At the zero temperature, the TPT is found to be a third order one whose critical
exponent is determined. We derive the scaling functions of the specific heat, compressibility and
magnetic susceptibilities. In contrast to all the previous cases in quantum or topological transitions,
although the leading terms are non-universal and cutoff dependent, the sub-leading terms satisfy
universal scaling relations. The sub-leading scaling leads to the topological depletions (TD) which
show non-analytic and non-Fermi liquid corrections in the quantum critical regime, can be easily
distinguished from the analytic leading terms and detected experimentally. One can also form a
topological Wilson ratio from the TD of two conserved quantities such as the specific heat and the
compressibility. As a byproduct, we also find Type II Weyl fermions appearing as the TPT due to
the collision of the extended particle-hole WFS. Experimental realizations and detections in cold
atom systems and materials with SOC are discussed.
1. Introduction. It was established that experimen-
tal measurable quantities near a quantum phase transi-
tion with an order parameter satisfy various universal
scaling functions at a finite temperature [1, 2]. In an
other forefront, topological phases and phase transitions
without an order parameter were studied since the ex-
perimental observations of the quantum Hall effects [3, 4]
and under even more intense investigations after the dis-
covery of topological insulators [5]. It is important to
investigate if there are still universal scaling functions
across various topological phase transitions without an
order parameter. Here, we address this outstanding prob-
lem by studying a very simple system of free fermions
hopping in a cubic lattice subject to a Weyl type of spin-
orbit coupling [6]. Our main results are summarized in
the abstract. The experimental motivations of this model
from both cold atoms and materials will be discussed in
Sec.7.
2. 8 Type I Weyl fermions. The Hamiltonian of
fermions hopping in a cubic lattice subject to Weyl type
spin-orbit coupling in Fig.1a can be written as
H =
∑
k
hi(k)σi, i = 0, 1, 2, 3 (1)
where σi = σ0 is the identity matrix, σi are
3 Pauli matrices and h0(k) = −2t(cosα cos kx +
cosβ cos ky+cos γ cos kz), hx(k) = 2t sinα sin kx, hy(k) =
2t sinβ sin ky, hz(k) = 2t sin γ sin kz. Its two energy
bands are ǫ±(k) = h0(k) ± h(k) where h(k) =√
[hx(k)]2 + [hy(k)]2 + [hz(k)]2. At half filling µ = 0, the
particle and hole FS is given by ǫ±(k) = 0. The particle
energy is related to that of the hole ǫ+(~k+ ~Q) = −ǫ−(~k)
where ~Q = (π, π, π) is the FS nesting vector which sep-
arates the particle FS from the hole FS. It leads to
the relation between the particle DOS and that of hole
D+(ω) = D−(−ω) at the half filling µ = 0.
At (α, β, γ) = (π/2, π/2, π/2), there are 8 Type I Weyl
fermions located at (kx = 0, π, ky = 0, π, kz = 0, π) carry-
ing the topological monopole charges N3 = ±1 in Fig.1b.
It is the inversion symmetry breaking in Eq.1 which leads
to their existences. As one tunes the SOC parameters,
some or all Weyl fermions will become closed particle
or hole Weyl Fermi surface (WFS) which still keep the
topological charges N3 = ±1 of the Weyl fermions and
satisfy
∑8
i=1N3i = 0 during the evolution [4]. How the
WFS evolve along the three lines (α = β = γ = θ), (α =
π/2, β = γ = θ) and (α = β = π/2, γ = θ) are shown in
Fig.2,3,4 respectively.
3. The third order TPT along α = β = γ = θ
at zero temperature. There is a TPT driven by
the collisions of the 4 WFS where the colliding 4 parti-
cle WFS takes a saddle point ( cone ) geometry near a
Von Hove singularity Kc = 2π/3 and the critical SOC
parameter θc = π/3. When expanding around the VHS
K = Kc+∆/
√
3 and θc, we get the particle energy spec-
trum:
ǫ+(~q) = −[∆ + aq2x − b(q2y + q2z)] (2)
where ~k = ~K+~q,∆ =
√
3(θc−θ) is the tuning parameter
and a = 1/2, b = 3/4 + ∆/4.
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FIG. 1. (a) The non-abelian gauge fields (ασx, βσy , γσz)
are put on the three links in a cubic lattice. (b) The 8 Weyl
fermions with the topological charges N3 = ±1 at α = β =
γ = π/2.
The DOS takes the piece-wise form:
D(ω) =
{
B[Λ−
√
−(ω+∆)
a ], ω +∆ < 0
BΛ, ω +∆ > 0
(3)
where Λ is the momentum cutoff and B = 1(2pi)2b . Note
the non-analytic depletion in the DOS due to the TPT.
From the DOS, we can evaluate the ground state en-
ergy:
E ∼
{
α∆2 + 1(2pi)2b
2√
a
2
15 |∆|5/2 + · · · , ∆ < 0
α∆2 +B0∆
3 + · · · , ∆ > 0 (4)
where · · · means analytical terms or higher order non-
analytic terms, the α,B0 are cutoff dependent. Only
the leading non-analytic term is cutoff in-dependent and
universal.
Plugging the parameters ∆ =
√
3(θc − θ), a = 1/2, b =
3/4 + ∆/4 into Eq.4 and taking two derivatives lead to:
E′′(θ, µ = 0) ∼
{
α+A0
√
θ − θc, θ > θc
α+B0(θ − θc), θ < θc (5)
where the exponents ν− = 1/2, ν+ = 1 are universal and
the coefficient A0 = 0.18856 is cutoff independent and
stands for the universal contributions from a single cone
in Fig.2. While B0 is not universal and cut-off dependent.
At the half filling µ = 0, there are 6 particle and 6 hole
WFS colliding at the same time. So in the second deriva-
tives of the total ground state energy: A = 12A0 = 2.262.
We performed numerical calculations on the ground
state energy in the BZ ( See SM ).
E′′n(θ, µ = 0) ∼
{ −0.77 +An(θ − θc)ν+ , θ > θc
−0.77 +Bn(θ − θc)ν− , θ < θc (6)
where the numerical exponents ν+ = 0.5 ± 0.05, ν− =
1.0 ± 0.05 match the analytical values ν+ = 1/2, ν− = 1
well, the numerical coefficient An = 2.19 is also very close
to the analytical value A = 2.262 achieved above.
4. Universal sub-leading scaling functions
across the third TPT at a finite T. From Eq.2, in-
tuitively, one can still define the dynamic exponent z = 2
with respect to the cone singularity. However, due to the
FIG. 2. The particle WFS evolves along α = β = γ = θ
for θ = 4π/9, π/3, π/4. At the QCP θc = π/3, the big
WFS with N3 = 1 (blue) hits the other 3 small WFS
( yellow ) with N3 = −1 at 6 Fermi points at ~Kc =
(±2π/3, 0, 0), (0,±2π/3, 0), (0, 0,±2π/3). As θ increases fur-
ther, it becomes a whole ( green faucet tap-like ) Fermi sur-
face with the total N3 = 1− 1− 1− 1 = −2 charge, so it is a
topological non-trivial FS. The hole WFS can be reached by
shifting the particle WFS by the FS nesting vector (π, π, π).
low energy excitations around the WFS on both sides
of the TPT, its physical meaning remains to be care-
fully examined. In the following, we show that it is the
subleading terms which satisfy the universal scaling with
z = 2 and lead to non-analytic therefore non-Fermi liquid
corrections to the leading analytic terms.
One can apply the scaling analysis in [7] here to write
down the sub-leading scaling functions for the specific
heat and the uniform compressibility κu = χ
00(~q →
0, ω = 0) for a single particle-particle ( or hole-hole )
cone in Fig.2:
Cv =
π2
3
BkB(kBT )Λ− BkB(kBT )
3/2
√
a
Ψi(
|∆|
kBT
) (7)
κu =
1
2
BΛ− B(kBT )
1/2
√
a
Ωi(
|∆|
kBT
)
where i = 1, 2 stands for the two sides of the transitions
∆ < 0 and ∆ > 0 in Fig.2 and Fig.5. Note the first term
is the leading term, proportional to the frequency ( or en-
ergy ) cutoff Λ and non-universal. while the second term
is the sub-leading term, independent of the frequency (
or energy ) cutoff Λ and a universal function of the scal-
ing variable s = |∆|kBT . Due to the opposite sign between
the two terms, the universal sub-leading term can be in-
terpreted as the topological depletion coming from the
TPT.
The general form of the two scaling functions Ψi(x)
and Ωi(x) are evaluated in the SM. Here, we only list
the topological depletions in the three limiting regimes
in Fig.5 for the specific heat
CTDv =


−π
2
3
B√
a
k2BT
√
|∆|, ∆≪ −kBT
−2.88201 B√
a
k
5/2
B T
3/2, |∆| ≪ kBT
−
√
π
2
Bk
1/2
B√
a
∆2√
T
e
− ∆
kBT , ∆≫ kBT
(8)
3FIG. 3. The particle WFS evolves along α = π/2, β = γ = θ
for θ = 4π/9, π/3, π/4. At θc = π/3, the WFS with N3 = 1
hits the one with N3 = −1 at the two Fermi points at ~Kc =
(±π/2, 0, 0). As θ decreases further, it becomes a whole Fermi
surface ( violet vase ) with the total N3 = 1 − 1 = 0 charge,
so it is topologically trivial FS. There are 4 Weyl fermions
remaining intact through the TPT. The hole WFS can be
reached by shifting the particle WFS by one of the two FS
nesting vectors (0, π, π), (π, π, π).
and for the uniform compressibility:
κTDu =


− B√
a
√
|∆|, ∆≪ −kBT
−0.536077Bk
1/2
B T
1/2
√
a
, |∆| ≪ kBT
−
√
π
2
Bk
1/2
B T
1/2
√
a
e
− ∆
kBT , ∆≫ kBT
(9)
One can see both topological depletions are non-
analytic only in the QC regime in Fig.5. While, essen-
tially no depletion when ∆ ≫ T and a constant √|∆|
depletion when −∆ ≫ T which can be absorbed to the
leading FL contribution anyway. This fact make their
experimental detections feasible ( see Sec.7 ).
One can also form the topological Wilson ratio
RTDW
(
|∆|
kBT
)
=
k2
B
TκTD
u
CTD
v
whose values in the three regimes
are:
RTDW =


3/π2 ∆≪ −kBT
0.186, |∆| ≪ kBT(
kBT
∆
)2
, ∆≫ kBT
(10)
which is even independent of a and b characterizing the
shape of the cone. In fact, it is also independent of how
many cones are participating in the TPT, so universal
for all the TPTs in Fig.2,3,4.
Due to the [C4 × C4]D symmetry at α = β = γ,
the topological depletions of the magnetic susceptibility
χxx(T ) = χyy(T ) = χzz(T ) = 13χ
00(T ) also satisfy the
sub-leading scaling Eq.9.
5. The 3rd order TPT along α = π/2, β = γ = θ
and co-existence of four Type I Weyl fermions.
At half filling µ = 0, 2 particle WFS and 2 hole WFS
collide at the same time at ~Kc = (π/2, 0, 0) and θc = π/3
( Fig.3 ). The dispersion near Kc = ±π/2, θc = π/3
can also be written as Eq.2 where ∆ =
√
3(θc − θ), a =
1/2, b = 5/8 − ∆2/8. Using Eq.5, we find A0 = 0.2263,
FIG. 4. The particle WFS evolves along α = β = π/2, γ = θ
for θ = 4π/9, π/4, 0. The TPT happens at the end point
θc = 0 where it becomes a corner-sharing octahedron. The
hole WFS can be reached by shifting the particle WFS by one
of the 4 FS nesting vectors (0, 0, π), (π, 0, π), (0, π, π), (π, π, π).
There are also 8 Type II Weyl fermions at θc = 0 due to the
collision of the particle WFS and the hole WFS.
then the 2 particle WFS and 2 hole WFS contribute to
A = 4A0 = 0.90. Similarly, the subleading scaling func-
tion in Eq.8 and Eq.9 need also multiply by 4, but the
topological Wilson ratio Eq.10 remains identical.
We also performed numerical calculation in the whole
BZ and get a similar form as Eq.6 where An = 0.861 is
quite close to the analytic value A = 4A0 = 0.90.
As shown in Fig.3, there are also 4 Type I Weyl
fermions located at (0, 0, π), (0, π, 0), (π, 0, π), (π, π, 0)
with the anisotropic dispersion ǫI± =
±
√
q2x + sin
2 θ(q2y + q
2
z). They reman intact through the
TPT, so just act as 4 spectators. Due to its dynamic ex-
ponent z = 1, their contributions Cv ∼ T 3, χu ∼ T 2 are
analytic and subleading to the topological non-analytic
depletions in the QC regime due to the third order TPT.
6. The 5th order TPT along the line α = β =
π/2, γ = θ and the 8 Type II Weyl fermions. At
half filling µ = 0, all the 4 particle WFS and 4 hole
WFS collide at the same time at θc = 0 ( Fig.4 ). Near
~Kc = (π/2, 0, 0), θc = 0, the dispersion can also be writ-
ten as Eq.2 where ∆ = −θ2/2, a = 1/2, b = 1/2 + ∆/2.
Note the quadratic dependence of ∆ on the SOC tuning
parameter θ. Plugging these parameters into Eq.4, we
find the transition is a 5th order one with d
5E
dθ5 ∼ 8pi2 sgnθ.
Fig.4 dictates that A = 12A0 =
96
pi2 . All the subleading
scaling function in Eq.8 and Eq.9 need also be multiplied
by 12, but the topological Wilson ratio Eq.10 remains
the same.
As shown in Fig.4, in addition to the particle-
particle and hole-hole WFS collisions, the particle WFS
also collide with the hole WFS at the 8 momenta
(0, 0,±π/2), (π, 0,±π/2), (π, π,±π/2), (0, π,±π/2).
Such a cone structure between the particle WFS and
the hole WFS is nothing but a special case of the
type II Weyl fermions discussed in [11]. One Type
II Weyl fermion’s dispersion at (0, 0, π/2) is given by:
ǫII± (~q) = −[−qz ∓
√
q2x + q
2
y ] where the ∓ corresponds to
the particle and hole WFS ( see Fig.4 ). In the Type II
40∆< 0 ∆> 0 T0
∆
C  /T,v κu
(a)
QC
−0T−|∆|1/2 1/2−
(b)
C  /T,v κu
T
FIG. 5. Experimental signatures of the topological deple-
tions and sub-leading scalings (a) The specific heat Cv/T and
the compressibility κu at a given T shows a universal non-
analytic
√
T depletion in the quantum critical ( QC ) regime.
(b) The quantum
√
T cusps in Cv/T and κu in the QC regime
as T lowers. From the ratio of the coefficients of the
√
T in
the two quantities, one may also measure the universal Topo-
logical Wilson ratio RTDW .
Weyl fermion, both the extended particle and hole WFS
add to contribute to a finite DOS D(ω) ∼ Λ2−αω2 with
a possible topological depletion in DOS ∼ αω2, so it is a
metallic phase [13]. For tilted Type II Weyl fermions in
[11], α > 0. While for the straight Type II Weyl fermions
in Fig.4, α = 0. From the simple scaling analysis, the
8 Type II Weyl fermions with z = 1 contribute to
the depletion in the specific heat CDv ∼ αT 3 which is
subleading to the topological depletion CDv ∼ T 3/2 due
to the 5th order TPT in the QC regime. In fact, as said
above, for the straight Type II Weyl fermions, even the
coefficient α = 0, so it does not even have a topological
depletion.
7. Experimental realizations and detections in
cold atoms and materials. The Hamiltonian Eq.1
can be achieved by loading cold atoms in a cubic opti-
cal lattice [14–18]. Note that the TPT in Fig.2,3,4 are
for non-interacting fermions, they are essentially single
particle properties, so the heating issues should be man-
ageable in current cold atom experiments with fermions.
Of course, any experiments are performed at finite
temperatures which are controlled by the topological
phase transitions at T = 0 in Fig.2,3,4. The crossover
temperature in Fig.5 can be estimated as T ∼ ∆ ∼ t ∼
3nK which is easily experimental reachable with the cur-
rent cooling techniques [20, 21], so the
√
T quantum cusp
behaviors in Cv/T and κu, the universal Topological Wil-
son ratio in Fig.5 can be measured by the specific heat
[22, 23], In-Situ [24] and the compressibility κ measure-
ments [23]. The change of the FS topology across the
TPT in Fig.2,3,4 can be monitored by the momentum
resolved interband transitions [25] and the band mapping
technique developed in [16].
Type I Weyl fermions have been discovered in several
materials [9, 10]. Type II Weyl fermions [11] seem also
have been found in a few materials [12]. Topological Lif-
shitz transitions happen in all these Type I and Type II
Weyl fermion materials. Although they may not be de-
scribed precisely by the Hamiltonian Eq.1, they should
be in the same topological classes as those in Fig.2,3,4. So
the results achieved in this paper should also apply to the
Topological Lifshitz transitions in these non-interacting
or weakly interacting Type I and Type II Weyl fermion
materials.
8. Discussions and Conclusions. Eq.8 and 9 take
a similar form to the topological entanglement entropy
[26]: S = αL− γ where the first term ( Area law ) is the
leading non-universal term proportional to the length be-
tween the boundary of the two entangled regimes A and
B. While the second term is the sub-leading term, inde-
pendent of the boundary and universal called topological
entanglement entropy γ = logD where D is quantum
dimension D ( which is a counter-part of the dynamic
exponent z here ). There is also a relative minus sign
between the two terms. This suggests that the form may
be a general scaling structure across a TPT.
The quantum subleading scaling behaviors in the spe-
cific heat in Eq.8 remind the classical cusp of the specific
heat near the finite temperature phase transition of the
classical O(3) Heisenberg model [27] Cv ∼ C − b0t−α
where t = |(T − Tc)/Tc|, b0 > 0 and α ∼ −0.1. This
cusp has been precisely detected in specific heat exper-
iments. This fact has also been used to determine the
Anomalous Hall effect near the finite temperature phase
transition in [28]. Here the quantum
√
T cusp behavior
in the QC regime near T = 0 in Fig.5 is due to the TPT
at (T = 0,∆ = 0).
The present paper focused on only the half filling case
with µ = 0. Our preliminary results away from half fill-
ing shows there are new classes of TPT with anisotropic
dynamic exponents [29]. Due to the vanishing of DOS
at the Type I Weyl fermions, a weak interaction is ir-
relevant. But due to the extended FS at the Type II
Weyl fermions, the particle-particle WFS or hole-hole
WFS TPT cone singularity, any weak interaction is rel-
evant. Following Ref.[30–35], it is important to look at
the effects of both positive U and negative U .
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